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Abstract. The present paper is devoted to various objects of the infinite dimen-
sional W -geometry of a second quantized free string. Our purpose is to include
the W -symmetries into the general infinite dimensional geometrical picture related
to the quantum field theory of strings, which was described in [1]. It is done
by a change of the Lie algebra of all infinitesimal reparametrizations of a string
world-sheet on the Lie quasi(pseudo)algebra of classicalW -transformations (Gervais-
Matsuo quasi(pseudo)algebra) as well as of the Virasoro algebra on the central ex-
tended enlarged Gervais-Matsuo quasi(pseudo)algebra. A way to obtain W -algebras
from the classicalW -transformations (i.e. Gervais-Matsuo Lie quasi(pseudo)algebra)
is proposed. The relations of Gervais-Matsuo differentialW -geometry to the Batalin-
Weinstein-Karasev-Maslov approach to the geometry of nonlinear Poisson brackets
as well as to L.V.Sabinin program of ”nonlinear geometric algebra” are mentioned.
Keywords: Infinite dimensional geometry, string field theory, W -symmetries and
W -geometry, Lie quasi(pseudo)algebras.
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Introduction
This is the third part of the text devoted to an infinite dimensional geometry
of a quantum field theory of strings (for previous ones see [1,2]). It is devoted
to an infinite dimensional geometry, which appears in the theory of second quan-
tized free strings, as well as the first one. An origin of the writing of this ar-
ticle is hidden in some very crucial detail of the theory, which is known under
the title of W -symmetries. The algebraic aspects of W -symmetries, cumbersome
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and mysterious a little at the beginning [3], were recently clarified by B.A.Khesin,
V.Yu.Ovsienko, A.O.Radul et al [4-10]. Moreover, a simple geometric interpretation
of them was given by J.-L.Gervais and Y.Matsuo [11]. It seems that the cruciality
of W -symmetries to the theory of second quantized free strings is in the fact that
W -”reparametrizations” of strings, which are considered, may be not obligatory
global in the loop space (i.e.unique for all strings independently on their position in
a target space) but in some sense local, i.e. depends in some natural way on an em-
bedding of the string into the target space. One may say that such transformations
are related not only to the intrinsic but also extrinsic geometry of a string. A class
of the most interesting transformations of this kind, which are related to a certain
complex analog of a classical Frenet theory of curves invariants [12], was described
by J.-L.Gervais and Y.Matsuo as classical W -transformations. Such transforma-
tions of both internal and external degrees of friedom of a string maybe considered
as hidden ones with respect to standard conformal symmetries. So a natural ques-
tion arizes: how the process of a geometric quantization of a string changes under
an account of these hidden symmetries. From the mathematical point of view it
may be considered as a problem of an ”induction” of the quantization process di-
rected by a considered symmetry algebra to one directed by its extension. So the
solution of this problem (reproduced from a typical pattern for this partial infinite
dimensional case of the quantum field theory of free strings, which we are consid-
ered) should produce a lot of new geometric material, completing a general picture,
which was drawn in [1], by new intriguing details and nuances.
This opinion is also confirmed by the fact that W∞-symmetries are very deeply
related to the group of area-preserving diffeomorphisms of a torus. This group, the
corresponding Lie algebra, its deformations and central extensions, being the main
objects of a certain development of the string theory, the membrane theory, produce
the next scope of infinite dimensional objects after one of the Virasoro algebra. So
we may consider a geometric material, which will be discussed in the paper, as a
possible introduction to the transition from the careful consideration of the infinite
dimensional geometry of objects from the ”Virasoro family”, which was begun by
A.A.Kirillov and the author in [13] and summarized partially in [14,1,2] (see also
references wherein) to a systematic treatment of geometric material, concerning
objects related to the group of symplectomorphisms of a torus.
Such treatment is supposed to be presented in one of the forthcoming publica-
tions.
In the aspect of the applications of our geometric material we follow the general
ideology of A.Yu.Morozov, formulated in [15], which proposed to consider the string
theory not as a partial physical theory describing some narrow class of real phe-
nomena but as one of the universal theories, which final and, it seems, rather wide
area of applications is not understood completely now. It is possible that some new
applications of certain aspects of the string theory (and of an infinite dimensional
geometry related to it) will be found during the performing of an interdisciplinary
”toy–program” of an investigation of peculiarities of human vision (in particular, of
color perception) in artificial interactive computerographical systems, formulated
by the author in [16], the results of which may be important for understanding of
various processes in natural interactive (sensorial and visual) systems. Hence, our
presentation is maximally mathematical and avoids many technical aspects, which
are crucial for some applications; instead of that we prefer to specially point out a
general mathematical meaning of our constructions.
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1. Symplectomorphisms (area-preserving transformations) of
torus, differential operators on a circle and W -algebras
1.1. Groups Symp(T2), Sympe(T2) and Symp0(T
2) of symplectomorphisms
of a torus T2 and their Lie algebras Ham(T2) and Ham0(T
2) of Hamiltonian
and strictly Hamiltonian vector field on a torus. Poisson algebras FC(T2),
FC(T ∗(S1)) and FC(R2) of functions on tori, cylinder and plane, their
deformations and central extensions.
Let (T2, ω) be a two-dimensional torus with a fixed 2-form (a volume form) ω
on it. Let Symp(T2, ω) be a group of symplectomorphisms of a torus (T2, ω), i.e.
all diffeomorphisms ζ of T2 such that ζ∗ω = ω [17]. So symplectomorphisms of a
torus are just its area-preserving transformations .
It may be easily shown that all groups Symp(T2, ω) are isomorphic. Indeed, let’s
identify a torus (T2, ω) with the quotient R2/Γ, where the plane R2 with a fixed
coordinate system (p, q) possesses a canonical 2-form dp ∧ dq, Γ is a certain free
lattice on R2, i.e. a set Za + Zb, where a and b are two independent vectors on
the plane. The symplectomorphisms of a torus may be identified with the classes
mod Γ of functions f : R2 7→ R2, which obey some conditions. The expression
mod Γ means that two functions f1 and f2 are called equivalent iff f1(x)− f2(x) ∈ Γ
for all x from R2. It should be mentioned that in the coordinate form a function
f is represented as a pair (fp, fq) of functions fp = fp(p, q) and fq = fq(p, q). The
conditions, to which a function f should obey, are the next ones: (1) the periodicity
condition: f(x +ma + nb) = f(x) +ma˜ + nb˜ for all x from R2, where a˜ and b˜ is
a pair of generators of Γ, i.e. a˜ = A(a), b˜ = A(b), A is a certain transformation
from Aut(Γ), which is isomorphic to SL(2,Z); (2) the normalization of Jacobian
condition: Df
Dx
= det
∂(fp,fq)
∂(p,q) = 1. The last determinant (Jacobian) is invariant
under all linear transformations of a plane R2. Because for arbitrary two free lattices
Γ1 and Γ2 there exists a linear transformation γ of R
2 such that Γ2 = γ(Γ1), the
group of symplectomorphisms of R2/Γ1 and R
2/Γ2 may be identified. So instead
of the notation Symp(T2, ω) for a group of symplectomorphisms of a torus we shall
use the simpler notation Symp(T2).
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It should be mentioned that the group Symp(T2) is not connected. Let us denote
the component of the identity in it by Sympe(T2). Of course, Sympe(T2) is a normal
subgroup in Symp(T2) and therefore we have the following strict sequence:
0 −→ Sympe(T2) −→ Symp(T2) −→ Symp(T2)/ Sympe(T2) −→ 0.
The quotient Symp(T2)/ Sympe(T2) is isomorphic to the modular group SL(2,Z), so
that the functions f corresponded to the elements of Sympe(T2) obey the periodicity
condition in the form f(x +ma+ nb) = f(x) +ma+ nb.
The group Sympe(T2) admits a normal subgroup Symp0(T
2) of such symp-
lectomorphisms ζ that
∫ 1/2
−1/2
∫ 1/2
−1/2
f(x + t1a + t2b) dt1dt2 = x. The quotient
Sympe(T2)/ Symp0(T
2) is isomorphic to 2-dimensional compact abelian group T2,
so that a strict sequence
0 −→ Symp0(T
2) −→ Sympe(T2) −→ T2 −→ 0
exists. This strict sequence may be resolved, the resolving mapping T2 → Sympe(T2)
realises a group T2 as a group of movements of a torus T2.
The Lie algebra of the group Sympe(T2) is an algebra of Hamiltonian vector
fields on a torus , i.e. the fields ξ such that Lξω = 0. It should be mentioned that
after an identification of a torus T2 with the quotient R2/Γ Hamiltonian fields ξ on
a torus may be also characterized as divergence free ones, i.e. vector fields ξ such
that div ξ = 0. From Cartan theorem it follows that ξ is Hamiltonian iff dαξ = 0,
where αξ = ıξω. So the algebra Ham(T
2) of Hamiltonian vector fields on a torus
may be identified with an algebra of closed 1-forms on a torus with respect to the
bracket {α, β} = dα∧βω .
The Lie algebra of the group Symp0(T
2) is a certain subalgebra of Sympe(T2),
the algebra of strictly Hamiltonian vector fields , i.e. the Hamiltonian vector fields
ξ such that the corresponding 1-form αξ is strict. The Lie algebra Ham0(T
2) of
strictly Hamiltonian vector fields on a torus is an ideal in the algebra Ham(T2) so
that a strict sequence
0 −→ Ham0(T
2) −→ Ham(T2) −→ R2 −→ 0
exists. The quotient R2 = Ham(T2)/Ham0(T
2) may be interpreted as the cohomol-
ogy group H1(T2,R) if one considers its as a quotient of a space of closed 1-forms
by a subspace of strict ones. This strict sequence may be resolved. The resolving
mapping R2 7−→ Ham(T2) realises the vector space R2 as a certain parallelization
of a torus.
It should be mentioned that if 1-form αξ is strict then there exist a function Fξ
on a torus such that αξ = dFξ. The bracket in the space of strictly Hamiltonian
vector fields induces a bracket in the space F(T2) of functions (0-forms) on a torus.
The bracket in the space F(T2) has the form {F,G} = dF∧dGω . The center of
the Lie algebra F(T2) consists of constant functions, so it may be identified with
1-dimensional space R. The Lie algebra of strictly Hamiltonian vector fields on
a torus is isomorphic to a quotient F(T2)/R. The isomorphism is realised by an
exterior derivative d, which maps the above quotient onto the Lie algebra of strict
1-forms, which is isomorphic to Ham0(T
2). The mapping from the algebra F(T2)
to the algebra Ham0(T
2) is symbolized as sgrad and is called by ”skew-gradient”,
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so that ξ = sgrad(Fξ) for all strictly Hamiltonian vector fields on a torus. It should
be mentioned that a strict sequence
0 7−→ R 7−→ F(T2) 7−→ Ham0(T
2) 7−→ 0
may be resolved. The resolving mapping identify the algebra Ham0(T
2) with the
subspace F0(T
2) of functions of zero mean value.
It should be mention that the bracket {·, ·} on the space F(T2) of functions
on a torus, determines a structure of a Poisson algebra on it. This algebra is
called by the Poisson algebra of functions on a torus . It means that {F,GH} =
{F,G}H + G{F,H} for all functions F,G,H from F(T2). In another words the
bracket {·, ·} is a derivation of the ordinary commutative multiplication of functions.
Let us realise torus T2 as a quotient R2/Γ, where Γ = {(mM,nN) ∈ R2,m, n ∈
Z;M,N are fixed real positive numbers}. Then there is defined a canonical basis
in FC(T2), the complexification of the algebra F(T2): em,n = D(M,N) exp(
imp
M )
exp( inqN ), where it is convenient to put a normalization constant D(M,N) being
equal to MN . The Poisson brackets {·, ·} in F(T2) or FC(T2) have the form
{F,G} = ∂F∂p
∂G
∂q −
∂G
∂p
∂F
∂q so that [17]
{em,n, em′,n′} = (mn
′ − nm′)em+m′,n+n′ .
The subalgebra FC0 (T
2) of FC(T2) (the complexification of F0(T
2)) is realized as
one spanned by generators em,n, (m,n) 6= (0, 0).
Let us call the algebra spanned formally by em,n by Floratos-Iliopoulos algebra
(see [18], where it was considered). It should be mentioned that generatorsLk, k ∈ Z
of the algebra CVect(S1) of vector fields on a circle S1, obeying the commutation
relations [Li, Lj] = (i− j)Li+j may be expressed formally via em,n in the following
way [18]:
Lk =
∑
m∈Z
Gk(m)em,k,
where Gk(m) =
(−1)m
m if m 6= 0 and 0 otherwise. Of course, under the verification
of the commutations relations of generators Lk some rather natural regularization
is used. So the Lie algebra CVect(S1) (more precisely, so called Witt algebra, which
is spanned by generators Lk of CVect(S
1), but we shall not mention a difference
between them below) is realized as a certain subalgebra of the Floratos-Iliopoulos
algebra.
Under the action of the algebra CVect(S1) the Floratos-Iliopoulos algebra may
be decomposed into the sum of tensor modules of positive integer weights, the
corresponding tensor operators will be denoted by w
(i)
n (i ≥ 2). It should be
mentioned that Ln = w
(2)
n , the commutation relations between generators w
(i)
n
have the form
[w(i)n , w
(j)
m ] = ((j − 1)n− (i− 1)m)w
(i+j−2)
n+m ,
w
(i)
n themselves are defined as
w
(i)
k =
∑
k∈Z
G
(i)
k (m)ek,m,
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G
(i)
k (m) = Pi(
1
m ), where the polynomials Pi(x) of degree i− 1 are connected by the
easily calculated requrrent formulas.
The algebra Ham0(T
2) of strictly Hamiltonian vector fields on a torus admits
a central extension Ĥam0(T
2), which may be defined in a following way [ξ, η]∂ =
[ξ, η]+
∫
T2
[∂, ξ]η dpdq, where ∂ is a certain Hamiltonian but not strictly Hamiltonian
vector field on the torus. One may choose ∂ = a∂p+b∂q and this is a general setting
up to trivial central extensions. So the universal central extension of Ham0(T
2) is
defined by the strict sequence
0 −→ H1(T
2,R) −→ Ĥam0(T
2) −→ Ham0(T
2) −→ 0,
whereH1(T
2,R) is a 2-dimensional group of homology of torus with real coefficients.
The central extension Ĥam0(T
2) of the Lie algebra Ham0(T
2) induces a central
extension F̂C(T2) of the algebra FC(T2), defined as {F,G}∂ = {F,G} +
∫
T2
L∂F ·
Gdpdq, so that the following strict sequence
0 −→ C2 −→ F̂C(T2) −→ FC(T2) −→ 0
exists. This central extension has the following form in the basis em,n:
[em,n, em′,n′ ] = (mn
′ − nm′)em+m′,n+n′ + (am+ bn)δ(m+m
′)δ(n+ n′)1
The extended Floratos-Iliopoulos algebra admits an embedding of the Virasoro
algebra Cvir with a non-trivial central charge into it (one of possible embeddings
was described in 18]).
The Poisson algebra FC(T2) may be deformed into a certain associative algebra
[19]. In the canonical basis such deformation has the form
em,n · em′,n′ = exp(iλ(mn
′ − nm′))em+m′,n+n′ .
The corresponding commutator algebra has the form (after a renormalization of
generators)
[em,n, em′,n′ ] =
1
λ
sin(λ(nm′ −mn′))em+m′,n+n′ .
So there is defined a certain deformation of Floratos-Iliopoulos algebra, which is
called (centreless) Sine-algebra (or Fairlie-Fletcher-Zachos algebra) [20]. The corre-
sponding deformation of Ham0(T
2) is called the Lie algebra of strictly Hamiltonian
vector fields on a quantum torus and is denoted by Ham0(T
2
q)(q = e
iλ).
(Centreless) Sine algebra admits a central extension, which has the form
[em,n, em′,n′ ] =
1
λ
sin(λ(nm′ −mn′))em+m′,n+n′ + (am+ bn)δ(m+m
′)δ(n+ n′)1.
The Sine-algebra with a center also admits the embedding of the Virasoro algebra
Cvir:
Lk =
∑
m∈Z
G˜k(m)ek,m,
where G˜k(m) are defined by formulas, analogous to one of [18].
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Under the action of the algebra Cvir Sine-algebra may be also decomposed into
the sum of tensor modules of positive integer weights, the corresponding tensor
operators will be denoted by w˜
(i)
n (i ≥ 2). Their commutation relations have the
form (for the centreless Sine-algebra)
[ω(k)n , ω
(l)
m ] =
∑
p≥0
Apklω
(k+l−2p−1)
m+n ,
where Apkl =
∑
i+j=2p+1(−1)
iCik−1C
j
l−1, C
m
n =
n!
m! (n−m)! if m ≤ n and 0 otherwise.
Now let us mention that all our constructions admit certain limits with one or
both parameters N and M tends to infinity. That means that the torus becomes
a cylinder or a plane. In the case M →∞ the Poisson algebra FC(T2) inverts into
the Poisson algebra FC(T ∗S1) of functions on a cylinder. There is a natural basis
in FC(T ∗S1): emn = −i exp(
inq
N )p
m, in which the Poisson brackets have the form:
{emn , e
m′
n′ } = (mn
′ − nm′)em+m
′−1
n+n′ .
The embedding of the algebra CVect(S1) into FC(T ∗S1) is natural: Lk 7→ e
1
k. Such
embedding admits, indeed an one-parametric deformation Lk 7→ e
1
k +(k+1)λe
0
k, λ
is a parameter. The central extension F̂C(T ∗S1) of FC(T ∗S1) has the form:
{emn , e
m′
n′ } = (mn
′ − nm′)em+m
′−1
n+n′ +
1
12
(n3 − n)δ(n+ n′)δm,1δm′,11
The embeddings of CVect(S1) into FC(T ∗S1) extends to embeddings of the Virasoro
algebra Cvir into F̂C(T ∗S1).
The Poisson algebra FC(T ∗S1) is deformed into the algebra DOPC(S1) of differ-
ential operators on a circle. The corresponding commutator algebra is a Lie algebra
DOPC[·,·](S
1) of differential operators on a circle. The embeddings of CVect(S1) in
FC(T ∗S1) induce embeddings of this algebra into DOPC[·,·](S
1); these embedding
are the same if one consider a subalgebra DOPC[·,·](S
1)+ of DOP
C
[·,·](S
1), the com-
mutator algebra of the algebra DOPC(S1)+ of differential operators on the circle
S1 without free terms. Both algebras DOPC[·,·](S
1) and DOPC[·,·](S
1)+ admit central
extensions D̂OP
C
[·,·](S
1) and D̂OP
C
[·,·](S
1)+, which are defined by the Kac-Peterson
cocycle c(f(q)Dm, g(q)Dn) = m!n!(m+n+1)!
∫
S1
f (n)(q)g(m+1)(q) dq, where D = ∂/∂q,
f (n)(q) = ∂
nf(q)
∂qn [21](see also [6]). The embeddings of CVect(S
1) in DOPC[·,·](S
1)
(resp. the emdedding in DOPC[·,·](S
1)+) are extended to embeddings of the Virasoro
algebra Cvir in D̂OP
C
[·,·](S
1) (resp. an embedding in D̂OP
C
[·,·](S
1)+).
To make the construction of central extensions D̂OP
C
[·,·](S
1) and D̂OP
C
[·,·](S
1)+
of DOPC[·,·](S
1) and DOPC[·,·](S
1)+ more clear one should transit to the algebra
PDOPC(S1) of all pseudodifferential operators on a circle S1 [5-8]. The com-
mutator algebra PDOPC[·.·](S
1) of this algebra, the Lie algebra of pseudodifferen-
tial operators on a circle, admits a central extension, which may be defined as
[A,B]c = [A,B]+c·Tr([A, logD], B]), where Tr(A) =
∫
Res(A) dq, Res(A) = a−1(q)
if A =
∑
k∈Z ak(q)D
k [5]. The cocycle c(A,B) = Tr([A, logD], B) is so-called
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Kravchenko-Khesin cocycle. The extension by Kravchenko-Khesin cocycle being re-
stricted on subalgebras DOPC[·,·](S
1) and DOPC[·,·](S
1)+ define extensions described
above.
In the case M,N → ∞ the Poisson algebra FC(T2) inverts into the Poisson
algebra FC(R2) of functions on a plane R2. There is defined a natural polynomial
basis in FC(R2): emn = pmqn, in which the Poisson brackets have the form
{emn, em
′n′} = (mn′ − nm′)em+m
′−1,n+n′−1.
The Poisson algebra FC(R2) may be deformed into the Weyl algebra WC(R
2).
Polynomial elements of this algebra may be represented by differential operators on
a line R1, so there is corresponded a certain differential operator DP to the poly-
nomial P from FC(R2), where P is a Weyl (symmetric) symbol of DP . The com-
mutator algebra of the Weyl algebraWC(R
2) is so-called Moyal algebra MoyC(R
2).
The commutator in the Moyal algebra has the form [19,22]
[F,G] =
∑
p∈Z
(−1)p
∑
i+j=2p+1
(−1)i
i! j!
(∂ip∂
j
qF )(∂
j
p∂
iG)
or in the basis emn
[emn, em
′n′ ] =
∑
p≥0
(−1)pA2p+1mm′nn′e
m+m′−2p−1,n+n′−2p−1,
where Apmm′nn′ =
∑
i+j=p(−1)
ii! j!CinC
j
nC
j
m′C
i
n′ , C
m
n =
n!
m! (n−m)! if m ≤ n and 0
otherwise.
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1.2. Poisson algebra FC(T ∗S1), its central extension F̂C(T ∗S1) and w∞-
algebra (Bakas algebra); Lie algebra DOPC[·,·](S
1), its central extension
D̂OP
C
[·,·](S
1) and W∞-algebras (Pope-Shen-Romans algebras). Gelfand-
Dickey algebras GDCn and Radul mapping F(DOP
C
[·,·](S
1)∗) 7→ GDCn; Radul
bundle RadC(Mn) and the Lie algebra of its sections RadC (Radul alge-
bra). Wedge subalgebra of Pope-Sheen-Romans W∞-algebra; associative
model algebras Md(λ)(sl(2,C)) for the Lie algebra sl(2,C) and their com-
mutator algebras Md
(λ)
[·,·](sl(2,C)) - model Lie algebras (or Feigin algebras)
for sl(2,C); Racah-Wigner algebras RW(λ)∞ (sl(2,C)) for sl(2,C), their reduc-
tions RW(λ)n (sl(2,C)) of order n and central extensions R̂W
(λ)
n (sl(2,C)) of
RW(λ)n (sl(2,C)).
The Poisson algebra FC(S1) may be expanded under the action of CVect(S1)
into the sum of tensor modules of positive integer weights, the corresponding tensor
operators w
(i)
k (i ≥ 1) are equal to e
i−1
k so that the commutation relations
[w(i)m , w
(j)
n ] = ((j − 1)n− (i− 1)m)w
(i+j−2)
n+m
holds. The algebra spanned by w
(i)
n , n ∈ Z, i ≥ 2 is closed and is called w∞-
algebra (or Bakas algebra) [23] as well as its central extension, which is obtained
from F̂C(T ∗S1).
Now we are interested in the deformations of w∞-algebra, when F̂
C(T ∗S1) de-
forms into D̂OP
C
[·,·](S
1). Such deformations were found by C.N.Pope, X.Shen and
L.J.Romans [24] (see also [25]), so the corresponding algebras are called Pope-Shen-
Romans-algebras (or W∞-algebras). The explicit formulas for their generators were
found by I.Bakas, B.Khesin and E.Kiritsis [8] so the embedding of W∞-algebras in
D̂OP
C
[·,·](S
1) are called Bakas-Khesin-Kiritsis embeddings .
Let us at first construct so-called W1+∞-algebra, which is an algebra of Cvir-
tensor operators in D̂OP
C
[·,·](S
1), following [8]. Its generators V sm are labelled by
m ∈ Z and s ≥ 1. Their explicit form is
V sm = −B(s)
s∑
k=1
αskC
m+s−1
k−1 z
m+s−kDs−kz ,
where B(s) = 2
s−3(s−1)!
(2s−3)!! , α
s
k =
(2s−k−1)!
[(s−k)! ]2 ; z = exp(iq), Dz =
∂
∂z . To describe com-
mutation relations in W1+∞-algebra it is convenient to introduce some notations
gss
′
l (m,n;µ) :=
1
2(l+1)!
f ss
′
l (µ)N
ss′
l (m,n)
f ss
′
l (µ) :=
∑
k≥0
(− 1
2
−2µ)k(
3
2
+2µ)k(−
l+1
2
)k(−
l
2
)k
k! (−s+3
2
)k(−s
′+3
2
)k(s+s
′−l− 3
2
)k
Nss
′
l (m,n) :=
∑ l+1
k=0 (−1)
kCl+1
k
(2s−l−2)k[2s
′−k−2]l+1−k[s−1+m]l+1−k[s
′−1+n]k
where (a)k := a(a+ 1) . . . (a+ k − 1), [a]k := a(a− 1) . . . (a− k + 1). Then
[V sm, V
s′
n ] =((s
′ − 1)m− (s− 1)n)V s+s
′−2
m+n + cs(m,µ)δss′δ(m+ n)+∑
r≥0
gss
′
2r (m,n;µ)V
s+s′−2r−2
m+n ,
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where µ = − 12 ,
cs(m;−
1
2
) = c ·
(m+ s− 1)!
(m− s)!
·
22(s−3)[(s− 1)! ]2
(2s− 1)!! (2s− 3)!!
.
W1+∞-algebra is not a deformation of Bakas algebra because it contains ten-
sor operators of upper index 1. To construct the correct deformation (which is
the ”right” W∞-algebra) one should to transform generators V
s
m in the following
manner. Let us introduce new generators W sm (m ∈ Z, s ≥ 2) by the formulas
W sm = V
s
m +
B(s)
s− 1
s−1∑
k=1
(−1)l
(2s− 2l − 1)
B(s− l)
·
(m+ s− 1)!
(m+ s− l − 1)!
V s−1m
or explicitely
W sm = −
B(s)
s− 1
s−1∑
k=1
βskC
m+s−1
k−1 z
m+s−kDs−kz ,
where βsk =
(2s−k−1)!
(s−k)! (s−k−1)! , i.e. W∞-algebra is realized in DOP
C
[·,·](S
1)+. The
commutation relations in W∞-algebra have the form
[W sm,W
s′
n ] =((s
′ − 1)m− (s− 1)n)W s+s
′−2
m+n + cs(m;µ)δss′δ(m+ n)+∑
r≥1
gss
′
2r (m,n;µ)W
s+s′−2−2r
m+n ,
where µ = 0,
cs(m, 0) =
c
2
·
(m+ s− 1)!
(m− s)!
·
22(s−3)s! (s− 2)!
(2s− 1)!! (2s− 3)!!
.
Let us consider following [6,7] an affine subspaceMn in the algebra DOP
C(S1) of
the formMn = {A ∈ DOP
C(S1): A = Dn+ an−1(q)D
n−1 + . . .+ a1(q)D+ a0(q)}.
The tangent space TA(Mn) of manifoldMn at the point A may be identified with
the space of all operators X from DOPC(S1) of the form X = xn−1(q)D
n−1 +
. . . + x0(q). The corresponding cotangent space T
∗
A(Mn) may be identified with
the space of all operators Y from PDOPC(S1) of the form Y = y−1(q)D
−1 +
. . .+ y1−n(q)D
1−n + y−n(q)D
−n. The spaces T ∗A(Mn) and TA(Mn) are paired by
< X, Y >= Tr(XY ).
There is defined [6,7] a tensor operator field V : T ∗(Mn) 7→ T (Mn), namely VA,
which maps T ∗A(Mn) to TA(Mn), is defined by the following formulas VA(Y ) =
A(Y A)+ − (AY )+A, Y ∈ T
∗
A(Mn), where A 7→ A+ is the natural projection of
PDOPC(S1) to DOPC(S1).
The space F(Mn) of functions on the manifoldMn possesses a structure of the
Poisson algebra via {F,G} =< V (dF ), dG > [6,7]. This Poisson algebra is called
Gelfand-Dickey algebra and is denoted by GDCn. The center of Gelfand-Dickey
algebra GDCn consists of constant functions, so the strict sequence
0 −→ C −→ GDCn −→ GD
C
n −→ 0
10
exists, where GD
C
n is a quotient GD
C
n /C.
Let us now construct the Radul mapping from the Poisson algebra
F(DOPC[·,·](S
1)∗) of the functions on the coadjoint module DOPC[·,·](S
1)∗) of the
Lie algebra DOPC[·,·](S
1) onto the Poisson algebra GDCn. Namely, let us construct a
mapping H : DOPC[·,·](S
1) 7→ CVect(Mn), where the mapping HA : DOP
C
[·,·](S
1) 7→
TA(Mn) is defined by the formulas HA(B) = V(BA−1)−(A) = AB − (ABA
−1)+A;
B ∈ DOPC[·,·](S
1), A− = A − A+ [6,7]. It should be mentioned that Ker(HA) =
{C ∈ DOPC[·,·](S
1): C = BA, A ∈ DOPC(S1)}. It is stated that Im(H) is contained
in Im(d), where d : GDCn 7→ CVect(Mn). Because Ker(d) consists of constant func-
tions onMn then H realizes a homomorphism of DOP
C
[·,·](S
1) into GD
C
n considered
as a Lie algebra. Such homomorphism is extended to the homomorphism of the
Poisson algebra F(DOPC[·,·](S
1)∗) onto the Gelfand-Dickey algebra GDCn. Of course,
one may consider a restriction of the Radul mapping F(DOPC[·,·](S
1)∗) 7→ GDCn on
the Poisson subalgebra F(DOPC[·,·](S
1)∗+) of the Poisson algebra F(DOP
C(S1)∗),
where DOPC(S1)+ is a subalgebra of DOP
C(S1) of differential operators without
free terms, DOPC[·,·](S
1)+ is its commutator algebra, the Lie algebra of differential
operators without free terms, and DOPC[·,·](S
1)∗+ is the coadjoint module over this
Lie algebra.
Now let us construct so-called Radul bundle and the Lie algebra of its sections
(Radul algebra). Let us consider a trivial bundle RadC(Mn) over Mn with fiber
isomorphic to DOPC[·,·](S
1). One may define the following commutator in the space
of its sections: if E,F ∈ O(RadC(Mn)) then
[E,F ]′(A) :=[E(A), F (A)] + V(EA−1)−(F )− V(FA−1)−(E) ∈ Rad
C
A(Mn),
where VX(E(A)) =
∂
∂t
E(A+ tVX(A))
∣∣∣∣
t=0
, A ∈ Mn.
The algebra of sections of the bundle RadC(Mn) will be called the Radul algebra
RadC. As it was stated in [7] the mappings HA being glued define a homomorphism
of the Radul algebra RadC onto GD
C
n considered as a Lie algebra.
The algebra GDCn defined above is just Gelfand-Dickey algebra GD(gl(n,C)) for
the Lie algebra gl(n,C). It is more convenient to consider Gelfand-Dickey algebra
GD(sl(n,C)) for the Lie algebra sl(n,C). To do it one should consider the sub-
space M
(0)
n of Mn of operators A with an−1 = 0, it should be mentioned that
our presentation may be considered for GD(sl(n,C)) if one change DOPC[·,·](S
1) on
DOPC[·,·](S
1)+.
As it was marked in [24] generators W sm of the Pope-Shen-Romans W∞-algebra
with 1− s ≤ m ≤ s− 1 form a closed Lie algebra, which is called wedge subalgebra
of W∞-algebra. The generators W
2
−1, W
2
0 , W
2
1 of the wedge subalgebra are just
the generators of the Lie algebra sl(2,C). A space of the wedge subalgebra as
sl(2,C)-module is identified with the model Moddim(sl(2,C)) of odd-dimensional
representations of the Lie algebra sl(2,C) [26].
Let us analyse the algebraic structures related to the model Moddim(sl(2,C))
more systematically. If one considerd the universal envelopping algebra U(sl(2,C))
of the Lie algebra sl(2,C) and the ideal Iλ, generated byK−λ, whereK is a Casimir
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operator for sl(2,C) (i.e. a quadratic element of the center Z(U(sl(2,C))) of the
universal envelopping algebra U(sl(2,C))), in it, then the quotient U(sl(2,C))/Iλ
supplies the model Moddim(sl(2,C)) by a structure of an associative algebra. Such
associative algebra will be called the associative model algebra for the Lie algebra
sl(2,C) and will be denoted by Md(λ)(sl(2,C)).
The commutator algebra Md
(λ)
[·,·](sl(2,C)) of the associative model algebra
Md(λ)(sl(2,C)) will be called the model Lie algebra for the Lie algebra sl(2,C) (or
Feigin algebra, see [27]). The wedge subalgebra of the Pope-Shen-Romans W∞-
algebra is just the Feigin algebra Md
(0)
[·,·](sl(2,C)).
Let us now consider the Racah-Wigner algebras, their reductions of finite or-
der and central extensions of such reductions for the Lie algebra sl(2,C). The
Racah-Wigner algebra RW(λ)∞ (sl(2,C)) for the Lie algebra sl(2,C) is the universal
envelopping algebra U(Md
(λ)
[·,·](sl(2,C))) of the model Lie algebra Md
(λ)
[·,·](sl(2,C)).
Definition 1. An associative algebra RW(λ)n (sl(2,C)) is called a reduced Racah-
Wigner algebra of order n for the Lie algebra sl(2,C) iff (1) it admits a homo-
morphism onto Md(λ)(sl(2,C)); (2) RW (λ)n (sl(2,C)) is generated by the direct sum
pi1 ⊕ pi2 ⊕ . . .⊕ pin−1 ⊕ pin of the first n odd-dimensional representations of sl(2,C)
(this direct sum is isomorphic to sl(n,C) as sl(2,C)-module), the natural action of
sl(2,C) is defined by ad(pi1); (3) RW
(λ)
n (sl(2,C)) as sl(2,C)-module is isomorphic
to S·(sl(n,C)) (S·(V ) is the symmetric algebra over V ).
Reduced Racah-Wigner algebras RW
(λ)
2 (sl(2,C)) of order 2 with non-homoge-
neous quadratic relations were considered in [28]. It was shown thatRW
(λ1)
2 (sl(2,C))
≃ RW
(λ2)
2 (sl(2,C)) for arbitrary λ1 and λ2.
Proposition 1. There exists a reduced Racah-Wigner algebra RW(λ)n (sl(2,C)) of
finite order n for the Lie algebra sl(2,C) for all n.
Proof. Unfortunately, we do not know the direct algebraic proof of this proposi-
tion, which is, certainly, preferable. Let us formulate a quantum-field one, which is
based on formalism of the qR-conformal field theory [28]. Namely, let us considered
the set of qR-affine currents, which charges form the Lie algebra sl(n,C) (or which
components form qR-affine Lie algebra) [28]. Let us consider the set of Casimir
operators K1, . . . ,Kn−1 and the higher spin fields W
2(z), . . . ,Wn(z), which corre-
spond to them in the operator algebra of qR-affine currents. The algebra, generated
by the components W sm (1− s ≤ m ≤ s− 1; W
s(z) =
∑
m∈ZW
s
mz
−s−m) is just the
reduced Racah-Wigner algebra RW(λ)n (sl(2,C)) of the order n for the Lie algebra
sl(2,C), where λ = 14 (q
−1
R + 3)(q
−1
R + 1).
The non-linear structure constants of the constructed reduced Racah-Wigner
algebras RW(λ)n (sl(2,C)) admits a deformation by the linear structure constants
of the universal envelopping algebra U(sl(n,C)) of the Lie algebra sl(n,C). One
may introduce a new central element ρ and consider this deformation as a cen-
tral extension of the reduced Racah-Wigner algebra. Such central extension will
be denoted by R̂W
(λ)
n (sl(n,C)). If one consider the fixed value of central element
ρ, i.e. a quotient of R̂W
(λ)
n (sl(n,C)) by the ideal generated by ρ − ρ0, then the
limit ρ0 →∞ inverts the obtained quotient into the universal envelopping algebra
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U(sl(n,C)). So one may consider the algebras R̂W
(λ)
n (sl(2,C)) as certain deforma-
tions of U(sl(n,C)).
2. Gervais-Matsuo differential W -geometry and
W -symmetries of a second quantized free string
In this paragraph we shall work with the following objects [1](see also [13,29-31]):
Q (or the dual Q∗) — the space of external degrees of a freedom of a string.
The coordinates xµn on Q are the Taylor coefficients of functions x
µ(z),
which determines a world-sheet of a string in a complexified target space.
M(Vir) — the space of internal degrees of a freedom of a string; the flag mani-
fold of the Virasoro-Bott group Vir; the homogeneous space Diff+(S
1)/S1
(Diff+(S
1) is the group of diffeomorphisms of a circle S1 preserving an ori-
entation); this space is identified via Kirillov construction [13;A.A.Kirillov]
with
S — the class of the univalent functions f(z) in the unit complex disc D+
(D+ = {z ∈ C: |z| ≤ 1}) such that f(0) = 0, f
′(0) = 1, f ′(eit) 6= 0; the
natural coordinates on S are coefficients ck of the Taylor expansion of an
univalent function f(z): f(z) = z+c1z
2+c2z
3+ . . .+cn−1z
n+cnz
n+1+ . . . .
C — the universal deformation of a complex disc with M(Vir) as a base and
with fibers isomorphic to D+. The coordinates on C are z, c1, c2, . . . , cn, . . . ,
where ck are coordinates on the base and z is a coordinate in the fibers.
M(Vir) · Q∗ — the space of both external and internal degrees of freedom of a
string, the same as the bundle overM(Vir) associated with p : C 7→M(V ir),
which fibers are Map(C/M(Vir);Cn)∗ – linear spaces dual to ones of map-
pings of fibers of p : C 7→M(Vir) into Cn.
2.1. Elements of Gervais-Matsuo differentialW -geometry: classical Toda
fields in the complex analogue of Frenet theory; the mapping
DOPC[·,·](S
1)reg+ 7→ CVect(M(Vir) · Q
∗); Gervais-Matsuo Lie quasi(pseudo)al-
gebra GMCn of classical (infinitesimal) W-transformations; Gervais-Mat-
suo Poisson algebra GMCn and the monomorphism GM
C
n 7→ GD(sl(n,C)).
Infinite dimensional geometry of the flag manifold M(D̂OP[·,·](S
1)+) ≃
M(W r∞) (W∞ = (W
r
∞)
C) for the Lie algebra D̂OP[·,·](S
1)+ or for the real
form W r∞ of the Pope-Shen-Romans W∞-algebra.
Let us consider a world-sheet of a string x : D+ 7→ C
n (x = {xµ = xµ(z)}),
then using the complex version of Frenet theory [12] one may introduce the asso-
ciate mappings Grk x : D+ 7→ Grk(C
n), where Grk(C
n) is the Grassmannian of
k-dimensional planes in Cn, or the associated mapping Fl x : D+ 7→ Fl(C
n), where
Fl(Cn) is the space of full flags in Cn. If we consider the homogeneous coordinates
or go to the projective space CPn, then the classical Toda fields on D+ will be
identified with Ka¨hler potentials of the images of Grk+1 x(z) in Grk+1(C
n+1).
It is convenient to introduce so-called homogeneous KP-coordinates for the map-
ping x : D+ 7→ CP
n. Indeed, let us consider the functions xµ([z]), [z] = [z(0), z(1) =
z, z(2), . . . z(n), . . . ] such that Dlzx([z]) =
∂x([z])
∂z(l)
and x([z]) = x(z) for z(2), z(3), . . .
z(n), . . . = 0, z = z(1)/z(0). So the homogeneous KP-coordinates [z(0), z(1), . . . , z(n)]
may be regarded as certain ones in the complex projective space CPn defined in
the neibourhood of the world-sheet of a string.
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Let now DOPC(S1)reg be a subalgebra of DOPC(S1), which consists of operators
possessing a regular continuation to the unit complex disc D+; DOP
C(S1)reg+ be the
intersection of DOPC(S1)reg with DOPC(S1)+; DOP
C
[·,·](S
1)reg and DOPC[·,·](S
1)reg+
be the corresponding commutator Lie algebras.
It should be mentioned that DOPC[·,·](S
1)reg+ naturally acts by differential oper-
ators on the space Q∗, considered as the space of sections of a trivialized bundle
over D+ with fibers isomorphic to C
n). One of the results of J.-L.Gervais and
Y.Matsuo was that this action is linearized (i.e. becomes an action by vector fields)
in KP-coordinates.
Proposition 2. The action of the Lie algebra DOPC[·,·](S
1)reg+ by differential op-
erators on Q∗ (as the space of sections of a trivialized bundle over D+ with fibers
isomorphic to Cn) may be extended to the action on M(Vir) · Q∗ (as the space of
sections of a trivialized bundle over C with fibers isomorphic to Cn) by vector fields.
Proof. It is necessary just to mention that KP-coordinate system is a homogeneous
version of the coordinates on the universal deformation C of a complex disc D+,
which are easily expressed via the standard coordinates z, c1, c2, . . . cn, . . . .
Let us now consider more systematically the structure of the action of the Lie
algebra DOPC[·,·](S
1)reg+ on Q
∗ by differential operators.
It is rather reasonable following J.-L.Gervais and Y.Matsuo to restrict ourselves
to a consideration of differential operators of order less or equal to n. It means that
we shall deal with the quotient DOPC[·,·](S
1)reg+ /DOP
C
[·,·](S
1)reg≥n+1 of the Lie algebra
DOPC[·,·](S
1)reg+ of regular differential operators without free terms by its subalgebra
DOPC[·,·](S
1)reg≥n+1 of regular differential operators without free terms, which are not
contained terms with Dk (1 ≤ k ≤ n), the commutator algebra of associative
algebra DOPC(S1)reg≥n+1 of such operators. Of course, such quotient is not a Lie
algebra, because the subalgebra DOPC[·,·](S
1)reg≥n+1 is not an ideal in DOP
C
[·,·](S
1)reg+ .
Nevertheless, the strict sequence
0 −→DOPC[·,·](S
1)reg≥n+1 −→ DOP
C
[·,·](S
1)reg+ −→
DOPC[·,·](S
1)reg+ /DOP
C
[·,·](S
1)reg≥n+1 −→ 0
may be resolved. The resolving mapping identifies the quotient
DOPC[·,·](S
1)reg+ /DOP
C
[·,·](S
1)reg≥n+1 with the subspace DOP
C(S1)reg+;≤n of regular dif-
ferential operators of order less or equal to n without free terms in the Lie algebra
DOPC[·,·](S
1)reg+ .
The object, which elements of DOPC(S1)reg+;≤n form is, indeed, a Lie quasial-
gebra (in terminology of I.Batalin [32] or Lie pseudoalgebra in terminology of
M.V.Karasev and V.P.Maslov [33]). Namely, the commutator of two elements of
DOPC(S1)reg+;≤n acting on Q
∗ (classical (infinitesimal) W -transformations [11]) may
be expressed via other elements with coefficients, which are extrinsic invariants of
the world-sheet of a string (curvature, torsions and their derivatives). So the struc-
ture functions of classical (infinitesimal) W -transformations are the functions on
the space Q∗, the object, on which classical (infinitesimal) W -transformations act.
Therefore, classical (infinitesimal) W -transformations form a Lie quasi(pseudo)al-
gebra, which will be called Gervais-Matsuo quasi(pseudo)algebra and will be de-
noted by GMCn.
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It should be marked (with respect to the possible constructing of classical finite
W-transformations) that Lie quasi(pseudo)algebras are infinitesimal objects for Lie
quasi(pseudo)groups of transformations in the finite dimensional case [32,33]. Fix-
ing a point of a manifold, on which the Lie quasi(pseudo)group of transformations
acts, one may receive a structure of a loop on the space of the Lie quasi(pseudo)-
group. In our case this loop will be just the loop of homogeneous space
EXP(DOPC[·,·](S
1)reg+ )/EXP(DOP
C
[·,·](S
1)reg≥n+1) defined by EXP(DOP
C(S1)reg+;≤n) as
a resolution of the strict sequence
0 −→EXP(DOPC[·,·](S
1)reg≥n+1) −→ EXP(DOP
C
[·,·](S
1)reg+ ) −→
EXP(DOPC[·,·](S
1)reg+ )/EXP(DOP
C
[·,·](S
1)reg≥n+1) −→ 0
via Sabinin construction [34]. Nevertheless, infinite dimensional groups
EXP(DOPC[·,·](S
1)reg≥n+1) and EXP(DOP
C
[·,·](S
1)reg+ ) (as I know) are not constructed
and, therefore, the classical finiteW -transformations are not introduced; so Sabinin
construction may be considered only as an explanation of the appearance of Gervais-
Matsuo quasi(pseudo)algebra. However, it should be marked, though the Lie
quasi(pseudo)group of classical finite W -transformations is not defined (though
the author thinks that it is possible) and, hence, the corresponding system of iso-
topic loops on it can not be considered, the infinitesimal objects of such loops, so
calledMikheev-Sabinin multialgebras [35] may be derived only from Gervais-Matsuo
quasi(pseudo)algebra GMCn.
It should be mentioned that Q∗ is a symplectic manifold and, therefore, one may
correspond to the generators of Gervais-Matsuo quasi(pseudo)algebra GMCn their
Hamiltonians, which are just functions of classical Toda fields. The structure of the
Lie quasi(pseudo)algebra induces a structure of the Poisson algebra on Hamiltoni-
ans, which will be called Gervais-Matsuo Poisson algebra and will be denoted by
GMCn. There exists a very simple but remarkable fact, which we prefer to formulate
as a proposition.
Proposition 3. There exist a monomorphism of Poisson algebras
GMCn 7→ GD(sl(n,C))
Namely, Gervais-Matsuo algebra GMCn is just a ”regular” part of Gelfand-Dickey
algebra GD(sl(n,C)).
The significance of such monomorphism is explained by the fact that Gervais-
Matsuo differentialW -geometry may be (at least, partially) generalized on an arbi-
trary Ka¨hler manifold as a complexified target space, because it is based essentially
only on complex Frenet theory (see [11,36]), so one can construct analogs of Gervais-
Matsuo quasi(pseudo)algebra GMCn of classical (infinitesimal) W -transformations
as well as Gervais-Matsuo Poisson algebra GMCn for an arbitrary Ka¨hler manifold.
It is not less remarkable circumstance that Gervais-Matsuo differential W -geo-
metry appeared being deeply connected with Sabinin program of ”nonlinear geo-
metric algebra” [37] and Weinstein-Karasev-Maslov approach to nonlinear Poisson
brackets [33]; so from the point of view of algebraic geometry Gervais-Matsuo W -
geometry may be considered as a penetration of nonassociative algebra into the
theory of embeddings of algebraic curves into Ka¨hler varieties (it is reminiscent a
little of a book of Yu.I.Manin [38]).
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But let us now return to the main theme. Above we obtained that the subalgebra
W reg∞ of W∞-algebra, generated by V
s
m, m ≥ 0 acts by vector fields on the space
M(Vir) · Q∗. Nevertheless, we want to obtain an action of the whole W∞-algebra
(or D̂OP
C
[·,·](S
1)+) instead ofW
reg
∞ (or DOP
C
[·,·](S
1)reg+ ) only. So we should to enlarge
the space of the internal symmetries of a string by new degrees of freedom. What
we shall to do is to consider the flag manifold M(D̂OP[·,·](S
1)+) for the Lie algebra
D̂OP[·,·](S
1)+ (or what is just the same the flag manifold M(W
r
∞) of the real form
W r∞ of the Pope-Shen-Romans W∞-algebra), to consider the squashed product
M(W r∞) ·Q
∗ and to justify that W∞-algebra acts on M(W
r
∞) ·Q
∗ by vector fields.
To perform this program one needs in a detailed description of the flag manifold
M(W r∞).
The flag manifold M(W r∞) may be defined as a symplectic leaf of the Poisson
manifold (W r∞)
∗, the coadjoint module for the Lie algebraW r∞ (cf.[4]). The tangent
space ofM(W r∞) at the initial point may be identified with the quotientW∞/W
reg
∞ ,
so the flag manifold M(W r∞) is an almost complex manifold.
Proposition 4. The almost complex structure on the flag manifold M(W r∞) is
integrable.
Proof. First of all, the almost complex structure onM(W r∞) is formally integrable.
To prove that it is really integrable one should to construct an almost complex
embedding of M(W r∞) into some infinite dimensional complex manifold. The stan-
dard manifold for such purposes is an infinite dimensional Grassmannian, f.e. one
of subspaces in W∞, one of which is W
reg
∞ .
Being the symplectic leaf of the Poisson manifold (W r∞)
∗ the flag spaceM(W r∞)
possesses an infinite dimensional family of symplectic structures ωh,c, where c cor-
responds to the central charge of W r∞ and h = (h2, h3, . . . , hn, . . . ) corresponds to
a character of subalgebra W reg∞ . Coupled with the complex structure 2-forms ωh,c
define an infinite dimensional family of (pseudo)Ka¨hler metrics on the flag manifold
M(W r∞).
Each (pseudo)Ka¨hler metric defines a prequantization bundle Eh,c(M(W
r
∞)) over
M(W r∞), which is a Hermitean line bundle of with the action of the Lie algebra
W∞ by covariant derivatives with curvature form 2piωh,c.
In the Fock spaces F (M(W r∞), Eh,c) there are realized the Verma modules over
Pope-Shen-RomansW∞ algebra (Fock space of a pair (M,E) is a space dual to the
space of sections of the bundle E∗ overM [13: D.Juriev, Algebra Anal.]). It should
be mentioned that Verma modules over DOPC[·,·](S
1) were investigated recently by
V.Kac and A.Radul [9].
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2.2. W -symmetries of a second quantized free string (flat background):
W -ghosts, W -differential Banks-Peskin forms, Siegel W -string fields and
W -BRST-operator in them; W -string Gauss-Manin connection and W -
string Kostant-Blattner-Sternberg pairings; geometrical non-cancelation
of Bowick-Rajeev W -anomaly — absence of Bowick-Rajeev W -vacua and
gauge-invariant Siegel W -string fields; operator cancelation of Bowick-
Rajeev W -anomaly — WN -algebras.
It should be mentioned that the flag manifold M(W r∞) for the W -algebra W
r
∞
admits an embedding into the infinite dimensional analogue of the classical symmet-
ric domain of type I [39]. Such embedding is defined by the mappingW r∞ 7→ gl(∞),
where gl(∞) is the Lie algebra of linear operators in the space F(S1) of functions on
the circle S1. Because the infinite dimensional classical symmetric domain of type I
admits a representation as a space of complex structures on F(S1) = Map(S1,R) as
well as on Map(S1,Rn), then the obtain such representation for the flag manifold
M(W r∞), too (such representation is analogous to one of M.Bowick and S.Rajeev
for the flag manifold M(Vir) for the Virasoro-Bott group [40]). Thus we have
constructed the squash product M(W r∞) ·Q
∗.
Proposition 5. The mapping W reg∞ 7→ CVect(M(Vir) · Q
∗) is extended to the
mapping W∞ 7→ CVect(M(W
r
∞) ·Q
∗).
This proposition is a specialization of a standard fact of the theory of inductions
to our infinite dimensional case.
Now we should to mention that Nambu-Goto action (the Ka¨hler potential on Q∗)
defines the bundle ENG(Q
∗), which may be lifted to the bundle ENG(M(W
r
∞) ·Q
∗);
this procedure defines the first cohomology class H1(W∞;O(M(W
r
∞) ·Q
∗)) of the
Lie algebra W∞ with coefficients in ”classical string fields” O(M(W
r
∞) · Q
∗) (cf.
[1], see also [30]).
The Hermitean line bundle Eh,c(M(W
r
∞)) over the flag manifold M(W
r
∞) may
be lifted to the bundle Eh,c(M(W
r
∞) · Q
∗) over the space M(W r∞) · Q
∗, in which
the action of the Pope-Shen-Romans algebraW∞ with non-trivial central charge is
defined. One may also include the first cohomology class of W∞ into such action.
That means that one should consider the bundle E˜h,c(M(W
r
∞) · Q
∗), the tensor
product of Eh,c(M(W
r
∞)·Q
∗) and ENG(M(W
r
∞)·Q
∗), instead of Eh,c(M(W
r
∞)·Q
∗).
The Fock space F (M(W r∞) · Q
∗), E˜h,c(M(W
r
∞) · Q
∗)) over the pair (M(W r∞) ·
Q∗), E˜h,c(M(W
r
∞) ·Q
∗)) is just ”the configuration space for a second quantized free
string without ghosts after the accounting of W -symmetries” (cf.[1], see also [29]).
Our next purpose is to introduce W -ghosts, to consider W -differential Banks-
Peskin forms, Siegel W -string fields, W -BRST-operator in them and, thus, to con-
struct ”the configuration space for a second quantized free string with ghosts after
the accounting of W -symmetries” in a way analogous to one of [1] (see also [29]).
Unfortunately, this program can not be performed even on the first step. The
deal is that one can not construct correctly the semi-infinite forms for the Pope-
Shen-Romans W∞-algebra (or for D̂OP
C
[·,·](S
1)+). So we should to reduce our geo-
metric picture to a finite order n. Namely, in view of the (real) Radul mapping
F((W r∞)
∗) 7→ GD(sl(n,R)) one may consider the flag manifold M(GD(sl(n,R)))
for Gelfand-Dickey algebra instead of the flag manifold M(W∞) for W∞-algebra.
The flag manifoldM(GD(sl(n,R))) may be defined as a symplectic leaf of Gelfand-
Dickey algebra GD(sl(n,R)). The flag manifoldM(GD(sl(n,R)) is a complex man-
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ifold as well as M(W r∞) and possesses (at least, one [4]) n-parametric family of
symplectic structures ωh,c, where h = (h2, . . . hn). Coupled with the complex struc-
ture these 2-forms define n-parametric family of (pseudo)Ka¨hler metrics on the flag
manifold M(GD(sl(n,R))); each (pseudo)Ka¨hler metric defines a prequantization
bundle Eh,c(M(GD(sl(n,R)))) over M(GD(sl(n,R))).
Proposition 6. The mapping W∞ 7→ CVect(M(W
r
∞) ·Q
∗) may be reduced to the
mapping W∞ 7→ CVect(M(GD(sl(n,R))) ·Q
∗).
Proof. It is just the consequence of the existence of Radul mapping.
One may perform for M(GD(sl(n,R))) · Q∗ all geometric procedures described
above for M(W r∞) ·Q
∗. Namely, the bundle ENG(Q
∗) may be lifted to the bundle
ENG(M(GD(sl(n,R)))·Q
∗); the Hermitean line bundle Eh,c(M(GD(sl(n,R)))) may
be lifted to the bundle Eh,c(M(GD(sl(n,R))) · Q
∗); finally, one may consider the
bundle E˜h,c(M(GD(sl(n,R))) ·Q
∗) as the tensor product of two previous ones. It
is natural consider the Fock space F (M(GD(sl(n,R))) ·Q∗, E˜h,c(M(GD(sl(n,R))) ·
Q∗)) as ”the reduced configuration space for a second quantized free string without
ghosts after the accounting of W -symmetries”.
But before a consideration of the corresponding ghosts it is reasonable to con-
sider the structure of action of the Lie algebra WC∞ on M(GD(sl(n,R))) ·Q
∗ more
systematically.
It seems that it is very convenient to restrict ourselves (as above) to a considera-
tion of differential operators of order less or equal to n. It means that we shall deal
with the quotient D̂OP
C
[·,·](S
1)+/D̂OP
C
[·,·](S
1)≥n+1 of the central extension of the
Lie algebra DOPC[·,·](S
1)+ of differential operators without free terms by the central
extension of its subalgebra DOPC[·,·](S
1)≥n+1 of differential operators without free
terms, which are not contained terms with Dk (1 ≤ k ≤ n). The corresponding
strict sequence
0 −→ D̂OP
C
[·,·](S
1)≥n+1 −→D̂OP
C
[·,·](S
1)+ −→
D̂OP
C
[·,·](S
1)+/D̂OP
C
[·,·](S
1)≥n+1 −→ 0
may be resolved. The resolving mapping identifies the quotient with the sub-
space DOPC(S1)+;≤n of differential operators of order less or equal to n with-
out free terms in the Lie algebra DOPC[·,·](S
1)+. The object, which elements od
DOPC(S1)+;≤n form is a Lie quasi(pseudo)algebra, which will be called enlarged
Gervais-Matsuo quasi(pseudo)algebra and will be denoted GMCn;(enl). Gervais-
Matsuo quasi(pseudo)algebra may be comprehended as ”a less more than one-half
of” the enlarged Gervais-Matsuo quasi(pseudo)algebra. It should be mentioned that
the enlarged Gervais-Matsuo quasi(pseudo)algebra is embedded in D̂OP
C
[·,·](S
1)+
rather than in DOPC[·,·](S
1)+ so we have obtained a central extension of the enlarged
Gervais-Matsuo quasi(pseudo)algebra, which will be denoted by ĜM
C
n;(enl). If the
enlarged Gervais-Matsuo quasi(pseudo)algebra GMCn;(enl) acts onM(GD(sl(n,R)))·
Q∗, then its central extension ĜM
C
n;(enl) acts in the line bundles over it.
So now we are able to introduce W -ghosts (related to the central extended en-
larged Gervais-Matsuo quasi(pseudo)algebra), to consider the corresponding W -
differential Banks-Peskin forms and Siegel W -fields, W -BRST-operator in them
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and, thus, to construct ”the reduced configuration space for a second quantized free
string with ghosts after the accounting of W -symmetries”. Namely, W -ghosts may
be identified with elements of the Lie quasi(pseudo)algebra GMCn;(enl) acting on
the manifold M(GD(sl(n,R))) ·Q∗ by vector fields, W -antighosts are dual 1-forms
on M(GD(sl(n,R))) · Q∗. W -differential Banks-Peskin forms are just differential
forms on the manifold M(GD(sl(n,R))) · Q∗ valued in the line bundle E˜h,c gener-
ated by W -antighosts; semi-infinite W -differential Banks-Peskin forms are defined
with respect to the Z-grading on the Lie quasi(pseudo)algebra GMCn;(enl).
The space of W -differential Banks-Peskin forms should be denoted by
ΩBP(M(GD(sl(n,R))) · Q
∗; E˜h,c) and the space of semi-infinite W -differential
Banks-Peskin forms should be denoted by ΩSIBP(M(GD(sl(n,R))) ·Q
∗; E˜h,c).
Remark 1. The Lie quasi(pseudo)algebra ĜM
C
n;(enl) acts on the space
ΩSIBP(M(GD(sl(n,R))) ·Q
∗; E˜h,c) with the central charge c− 2(2n
3 − n− 1).
Definition 2.
1. Siegel W -string fields are elements of the space, dual to the space
ΩSIBP(M(GD(sl(n,R))) ·Q
∗; E˜h,c) of semi-infinite W -differential Banks-Pes-
kin forms.
2. W -BRST-operator is the operator QBRST in the space of Siegel W -string
fields dual to the exterior covariant derivative D in the space of semi-infinite
W -differential Banks-Peskin forms.
Remark 2. Q2BRST = 0, iff c = 2(2n
3 − n− 1).
Let us now study the aspects related to gauge-invariance of W -string fields in
sense of [1] (see also [31]).
Namely, the space ΩSIBP(M(GD(sl(n,R)))·Q
∗; E˜h,c) of semi-infiniteW -differential
Banks-Peskin forms may be considered as a space of holomorphic sections of a cer-
tain bundle over M(GD(sl(n,R))), which will be called Fock-plus-ghost bundle and
denoted by FGh,c(M(GD(sl(n,R)))). Fibers of the vector bundle
FGh,c(M(GD(sl(n,R)))) over points x of the flag manifold M(GD(sl(n,R))) for
Gelfand-Dickey algebra GD(sl(n,R)) will be denoted by
(FGh,c)x (M(GD(sl(n,R)))).
There exists a set {Px} of natural gauge-fixing projectors
Px : O(FGh,c(M(GD(sl(n,R))))) 7→ (FGh,c)x (M(GD(sl(n,R))))
(here the flag manifold M(GD(sl(n,R))) is interpreted as a space of internal gauge
degrees of freedom, cf. [31]) and a set {Ix} of embedding operators
Ix : (FGh,c)x (M(GD(sl(n,R)))) 7→ O(FGh,c(M(GD(sl(n,R))))),
which obey two properties;
(1) PxIx = id;
(2)
(
ĜM
C
n;(enl)
)
+
(x)Ix = 0, where
(
ĜM
C
n;(enl)
)
+
(x) is the natural resolution of
the strict sequence
0 −→
(
ĜM
C
n;(enl)
)
0
(x) −→ ĜM
C
n;(enl) −→
ĜM
C
n;(enl)/
(
ĜM
C
n;(enl)
)
0
(x) −→ 0,
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where
(
ĜM
C
n;(enl)
)
0
(x) = {v ∈ ĜM
C
n;(enl) : v(x) = 0}.
One may define W -string Gauss-Manin connection in FGh,c(M(GD(sl(n,R))))
as
∇vϕ(x) = lim
t→∞
t−1(PxIx+tv(x)Px+tv(x)ϕ− Pxϕ),
v ∈ Vect(M(GD(sl(n,R)))), x ∈M(GD(sl(n,R))).
This connection may be also define by the use of W -string Kostant-Blattner-
Sternberg pairings . Namely, the Fock space F (M(GD(sl(n,R))),FGh,c) possesses
a (pseudo)hermitean metric (cf.[13:D.Juriev, Algebra Anal.,31]). If such metric is
non-degenerate then it induces a metric (·, ·) in the spaceO(FGh,c(M(GD(sl(n,R))))).
W -string Kostant-Blattner-Sternberg pairings are the mappings Bx,y(·, ·) from the
tensor product of (FGh,c)x (M(GD(sl(n,R)))) and (FGh,c)y (M(GD(sl(n,R)))) to
C, such that Bx,y(ϕ, ψ) = (Ixϕ, Iyψ).
The W -string Gauss-Manin connection ∇ may be expressed via W -string Kos-
tant-Blattner-Sternberg pairings in the following way:
∇vΦ(x) = 0 iff Bx+tv(x),x(Φ(x + tv(x)), ψ) = Bx,x(Φ(x), ψ) + o(t)
for all ψ ∈ (FGh,c)y (M(GD(sl(n,R)))),
where Φ(x) is a short notation for Px(Φ).
Definition 3. (cf. [31]).
1. A covariantly constant section of Fock-plus-ghost bundle
FGh,c(M(GD(sl(n,R)))) over the flag manifold M(GD(sl(n,R))) for Gel-
fand-Dickey algebra GD(sl(n,R)) is called Bowick-Rajeev W -vacuum.
2. The space dual to the space of Bowick-Rajeev vacua is called the space of
gauge-invariant Siegel W -string fields .
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Unfortunately, Bowick-Rajeev W -vacua (or equivalently gauge-invariant Siegel
W -string fields) do not exist. The phenomenon of geometric non-cancelation of
Bowick-Rajeev W -anomaly may be considered as an explanation of the fact that
Gelfand-Dickey brackets can not be quantized only by addition of central term.
The global structural change of commutation relations is necessary. Let us now de-
scribe the process of operator cancelation of Bowick-Rajeev anomaly, which trans-
forms Gelfand-Dickey algebras or enlarged Gervais-Matsuo quasi(pseudo)algebras
into WN -algebras (it should be mentioned that problem of quantization of Lie
quasi(pseudo)algebras was discussed in another context in the book of M.V.Karasev
and V.P.Maslov [33]). Of course, such operator cancelation does not supply us with
BRST-operator for WN -algebras.
Let us consider an arbitrary point x of the flag manifold M(GD(sl(n,R))) for
Gelfand-Dickey algebra GD(sl(n,R)). Let us embed the fiber
(FGh,c)x (M(GD(sl(n,R)))) of Fock-plus-ghost bundle FGh,c(M(GD(sl(n,R))))
over x into the space O(FGh,c(M(GD(sl(n,R))))) by use of Ix. Now define the
action of the real form ĜMn;(enl) of enlarged Gervais-Matsuo quasi(pseudo)algebra
ĜM
C
n;(enl) in V in the following way:
v(φ) = Px∇vIxφ, φ ∈ (FGh,c)x (M(GD(sl(n,R)))), v ∈ ĜMn;(enl).
It is not the action indeed because the commutation relations in the real form of
Gervais-Matsuo quasi(pseudo)algebra are broken, moreover, the object, which we
have received in no more a Lie quasi(pseudo)algebra, but an ordinary algebra of
operators.
It is just remarkable that the obtained algebras are just (after a complexification)
WN -algebras of papers [3].
Conclusions
Thus, our plan is performed, the results may be summarized.
It was appeared that the main objects of the infinite dimensional W -geometry
of a second quantized free string are not infinite dimensional groups, Lie alge-
bras and their homogoneous spaces as it was in [1] but infinite dimensional Lie
quasi(pseudo)algebras (various modifications of Gervais-Matsuo quasi(pseudo)-
algebra GMCn of classical (infinitesimal) W -transformations), nonlinear Poisson
brackets and related geometrical structures.
As a consequence there exists a geometrical non-cancelation of Bowick-Rajeev
anomaly (the absence of gauge-invariant Siegel W -string fields). Operator can-
celation provides us with transformation of classical Lie quasi(pseudo)algebras
ĜM
C
n;(enl) (central extended enlarged Gervais-Matsuo algebras) into quantum WN -
algebras.
It should be mentioned that because realistic W -string field theory is essentially
the theory of self-interacting string field (see f.e. [41]), free W -string field theory
may be considered only as a startpoint of the perturbation approach to it. Re-
spectively, the infinite dimensional W -geometry of a second quantized free string
may be also regarded as a zero-approximation of the noncommutative geometry of
self-interacting W -string field.
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